We study the dimensional reduction of ten-dimensional super Yang-Mills theory in curved backgrounds with torsion. We examine the parallel spinor conditions and the constraints for the torsion parameters which preserve supersymmetry and gauge symmetry in four dimensions. In particular we examine the ten-dimensional Ω-background with the torsion which is identified with the R-symmetry Wilson line gauge fields. After the dimensional reduction, we obtain the Ω-deformed N = 4 super Yang-Mills theory. Solving the parallel spinor conditions and the torsion constraints, we classify the deformed supersymmetry associated with the topological twist of N = 4 supersymmetry. We also study deformed supersymmetries in the Nekrasov-Shatashvili limit.
Introduction
The Ω-background [1] has been recognized as an interesting and useful deformation for studying non-perturbative effects in supersymmetric gauge theories via the localization technique [2, 3, 4] . This background can be embedded into superstrings and the instanton partition functions are extracted from the scattering amplitudes [5, 6, 7, 8, 9] . The microscopic deformed instanton effective action is also obtained from the D3/D(−1) brane system in the R-R 3-form backgrounds [10, 11] .
The Ω-background is a curved geometry with the action of U(1) vector fields and is realized in higher dimensions. The background breaks the Poincaré symmetry and also supersymmetry in general. A part of the supersymmetries, however, can be recovered by introducing the R-symmetry Wilson line gauge fields. For example, the Ω deformation of N = 2 super Yang-Mills theory is obtained by the dimensional reduction of six-dimensional N = 1 theory in the geometry with U (1) 2 -action and the SU(2) Rsymmetry Wilson line gauge fields. One can recover a scalar supersymmetry by choosing the appropriate Wilson lines, which is obtained by the topological twist of N = 2 supersymmetry. Using this equivariant scalar supercharge, we can apply the localization method to compute the instanton partition function [2] .
In the previous paper [12] , we have studied N = 1 super Yang-Mills theory in ten-
dimensional Ω-background with the U(1) The purpose of the present work is to study systematically the supersymmetry of four-dimensional Ω-deformed N = 4 super Yang-Mills theory from the viewpoint of tendimensional N = 1 theory in a curved background. For the flat spacetime background the dimensional reduction of N = 1 supersymmetry leads to the N = 4 supersymmetry in four dimensions [13] . The supersymmetry for the N = 1 super Yang-Mills theory in a curved manifold leads to the parallel spinor conditions, which implies that the curved background has the Ricci-flat special holonomy. This was generalized into the curved spacetime with the Killing spinor conditions [14] . Recently the localizations of N = 4
and N = 2 * theories on the sphere have been studied with the help of the supersymmetry associated with the Killing spinor conditions [15, 16] .
For supersymmetry in the Ω-background, it is necessary to introduce the R-symmetry
Wilson line gauge fields, which is not realized by the deformation of the metric. In order to study this Wilson line deformation, we will investigate more general set-up, namely, N = 1 super Yang-Mills theory in a curved background with torsion. The parallel spinor conditions are modified due to the torsion, which relaxes the Ricci-flat conditions for the curved spacetime. Note that generic torsion is inconsistent with gauge invariance.
We will consider a special class of torsion such that the resulting four-dimensional gauge theory is gauge invariant after the dimensional reduction. When we apply this formulation to the ten-dimensional Ω-background, we can identify the torsion with the R-symmetry
Wilson line gauge fields. By solving the modified parallel spinor conditions we will find the constraints for the Ω-background parameters and the Wilson line gauge fields.
As in the N = 2 case, the deformed scalar supersymmetries can be constructed by the topological twist of the N = 4 supersymmetry, which is classified as follows: the halftwist, the Vafa-Witten twist and the Marcus twist [17] . We will construct the deformed supersymmetries for these twists. We will further study the Nekrasov-Shatashvili limit [18] of the deformed supersymmetry, where the supersymmetry is enhanced due to the partial recovery of the Poincaré invariance in two dimensions.
This paper is organized as follows: in section 2, we introduce the ten-dimensional N = 1 super Yang-Mills theory in a curved background with torsion. In section 3, we study the dimensional reduction to four dimensions and examine the conditions such that the reduced theory has the gauge symmetry and also supersymmetry, which becomes the parallel spinor conditions and the constraints for the torsion. In section 4, we study the Ω-background with torsion, which is identified with the Wilson line gauge fields. We examine the parallel spinor conditions and the torsion constraints and obtain the conditions for the deformation parameters. We then construct the deformed supersymmetries associated with the various twists as well as the Nekrasov-Shatashvili limit. In the appendix, we summarize the Dirac matrices in four and six dimensions.
2 Ten-dimensional super Yang-Mills theory in curved background with torsion
In this section, we introduce ten-dimensional N = 1 super Yang-Mills theory in curved background with torsion and discuss supersymmetry in the background.
We first define ten-dimensional N = 1 super Yang-Mills theory with gauge group G in the flat spacetime. This theory contains a gauge field A M (M = 0, 1, . . . , 9) and a Majorana-Weyl fermion Ψ, where both fields belong to the adjoint representation of G.
The Lagrangian is
where g is the coupling constant, 
. We normalize the generators
The Lagrangian (2.1) is invariant up to a total derivative under the supersymmetry transformation [13] δA
where ζ is a constant Majorana-Weyl spinor. The square bracket in
the antisymmetrization of the indices in the product of two gamma matrices, defined by
is similarly normalized by the factor 1/n!.
The variation of the Lagrangian under (2.2) is
Since the first and the second terms vanish by the Fierz and the Bianchi identity, respectively and the third term is a total derivative, the action is invariant under (2.2).
We next consider ten-dimensional curved spacetime background which is represented by the metric G MN and the torsion T MN P (see, for example [19] ). We use the calligraphic letters M, N , P, . . . ( = 0, 1, . . . , 9) for the indices of the curved spacetime coordinates.
We also introduce the vielbein e M M , where the capital letters M, N, P , . . . are used for the indices of the tangent space coordinates. The metric is written in terms of the vielbein as
The spin connection ω M,N P is related to the vielbein and the torsion by Cartan's first structure equation
where C MN P are the Ricci rotation coefficients defined by
The tensor K M,N P is called the contorsion. The torsion is expressed in terms of the contorsion as
We also introduce the affine connection Γ MN P . Then the covariant derivative of the vielbein is
Here ∇ M denotes the spacetime covariant derivative including the torsion. We also denote the spacetime covariant derivative without the torsion as ∇ M . We relate the two connections by imposing the vielbein postulate
From (2.5) and (2.11), Γ MN P is decomposed into the torsion-independent part and the contorsion part as 12) where the first term is the usual Christoffel symbol (the Levi-Civita connection) 
where
is the ten-dimensional Lorentz generator. The field strength F MN is replaced with F MN defined by
which is covariant with respect to both the gauge and the general coordinate transformation.
Then the Lagrangian in the curved background with the torsion becomes 16) where e is the determinant of the vielbein and e M M is the inverse vielbein. We note that (2.16) is not gauge invariant when the torsion is nonzero, since the last term in (2.15) explicitly depends on the gauge field itself.
We discuss the invariance of the action under the supersymmetry transformation:
The variation of the Lagrangian (2.16) becomes
where we have used the Fierz identity. In the first term we will compute ∇
. From the Bianchi identity, we obtain
In order that the first term of (2.19) vanishes, the torsion must be zero. In this case the second term in (2.18) becomes a total derivative. The last term in (2.18) becomes zero by requiring that ζ satisfies the parallel spinor condition
Hence the Lagrangian (2.16) is neither invariant under the supersymmetry transformation (2.17) nor gauge invariant in ten dimensions, unless the torsion vanishes. It is related to the fact that bosonic and fermionic physical degrees of freedom are different since the gauge field becomes massive. This implies that the action is not supersymmetric.
However, if we consider the dimensional reduction, the action becomes invariant under the gauge and supersymmetry transformations when the torsion satisfies certain conditions, as we will see in the next section.
Dimensional reduction and parallel spinor conditions
We now consider the dimensional reduction of the theory (2.16) to four dimensions. We also perform the Wick rotation x 0 = −ix 10 . The local Lorentz group SO(10) is reduced to (4). The gamma matrices are decomposed as
where we have decomposed the index M as M = (m, a) (m = 1, . . . , 4, a = 5, . . . , 10).
1 n denotes the n × n identity matrix. The conventions of four-and six-dimensional Dirac matrices σ m ,σ m , Σ a ,Σ a are given in the appendix.
The fields and the background do not depend on the internal coordinates x A in the dimensional reduction. By setting ∂ A = 0 in (2.16), we obtain the four-dimensional
Lagrangian as 
where ǫ mnpq is the totally antisymmetric tensor normalized as ǫ 1234 = 1. σ mn ,σ mn and Σ ab ,Σ ab are the Lorentz generators in four and six dimensions respectively, which are defined in the appendix. F µν , F µA , F AB are the components of the modified field strength (2.15), which are obtained as
3)
The Lagrangian (3.2) does not have the gauge invariance since L 4D depends on A µ explicitly. However the gauge invariance is recovered by setting
Next we examine the supersymmetry in the dimensionally reduced theory under the gauge invariance condition (3.4). We use the notation in ten dimensions for convenience.
The condition for supersymmetry is that (2.18) becomes a total derivative. (2.19) vanishes due to (3.4) and the reduction ∂ A = 0. The second and the third terms become zero by imposing the condition
The second term in the variation (2.18) does not become a total derivative. We have 6) where the vector V M is given by
Hence we have the traceless condition such that the second term in (3.6) vanishes as
The last term in (2.18) becomes zero when ζ satisfies the parallel spinor condition modified by the torsion as
Therefore the dimensionally reduced theory from (2.16) is invariant under the supersymmetry transformation (2.17) generated by the parallel spinor ζ satisfying (3.9) when the torsion T MN P satisfies the conditions (3.4), (3.5) and (3.8) . After the dimensional reduction, the supersymmetry transformation (2.17) becomes If the torsion is totally antisymmetric, the traceless condition is satisfied. Moreover, from (2.7) the contorsion is proportional to the torsion as K a,bc = − T ab,c . In this case T becomes a subalgebra of SU(4). The parallel spinor condition (3.9) becomes
Since the matrices acting on the parallel spinors in (3.11) are the Hermitian conjugate to each other, we have the same number of the left-handed and the right-handed parallel spinors. The number of supersymmetries depends on the choice of T and how T is embedded into SU(4). We summarize the relation between T and the number of supersymmetry in table 1. Table 1 : Torsion algebra T ∈ SU(4) and the number N of supersymmetry. The embedding of T is chosen such that N becomes maximal.
As an example, we consider the case T = U(1) 2 . If T is embedded into SU (4) appropriately, the parallel spinor condition (3.11) has the form
The similar condition forζ A holds. The solution to (3.12) is ζ A = (ζ 1 , 0, 0, 0) T . Then we have N = 1 supersymmetry. We can check that it corresponds to the N = 1 * deformation [20] . The mass term for the fermions takes the form of 13) where the two mass matrices m AB andm AB are defined by
When the parallel spinor condition becomes the form of (3.12), we can show that each mass matrix has one zero eigenvalue. This is the N = 1 * deformation. Similarly, in the case of T = U(1) we obtain the N = 2 * deformation.
Ω-background and Deformed Supersymmetry
In this section, we study the four-dimensional N = 4 super Yang-Mills theory in the Ω-background with torsion. We solve the parallel spinor and the torsion conditions obtained in the previous section and classify the supersymmetries. Yang-Mills theory in the spacetime with the metric:
where x m and x a are the coordinates of the four-and six-dimensional spaces. The antisymmetric matrices Ω mna are parameterized as We introduce the constant torsion along the internal directions, which is consistent with the dimensional reduction. We want to study the supersymmetry conditions in this setup. Another way to recover parts of supersymmetry is to introduce the constant Wilson line gauge field A a by gauging the SU(4) R-symmetry [4, 12] . From the expression of the covariant derivative (2.14) in the general curved background, we find that the SU(4) R-symmetry Wilson line gauge field is identified with the contorsion through the following relation,
or equivalently
The other components except K A,bc are zero. From (2.9), the non-trivial components of the torsion are given by
The non-zero components of the spin and affine connections are evaluated as
10)
The gauge invariance condition (3.4) reads
Using this condition and substituting the vielbein (4.4) and the torsion (4.7), (4.8) into the Lagrangian (3.2), we obtain
This Lagrangian indeed coincides with the Ω-deformed one with the R-symmetry Wilson line obtained in [12] .
Supersymmetry conditions in Ω-background
Now we examine the supersymmetry and gauge invariance conditions for the Lagrangian (4.14). We first write down the parallel spinor condition (3.9) in the Ω-background with the torsion. Then, we consider the constraints on the torsion (3.4), (3.5) and (3.8).
Parallel spinor condition
The parallel spinor condition (3.9) in the Ω-background with the torsion is given by
15)
From the condition (4.15), the parameter ζ becomes constant. When the Ω-background matrices Ω mna are anti-self-dual or self-dual, and the torsion is zero, the condition (4.16)
is satisfied for the chiral or anti-chiral parameters ζ A α ,ζα A respectively. In these cases, all the torsion conditions (3.4), (3.8) and (3.5) are trivially satisfied and half of the N = 4 supersymmetries are preserved [12] . However, when Ω mna is not (anti-)self-dual, the condition (4.16) can not be satisfied in general.
In following, we consider Ω mna which is not (anti-)self-dual. Since Γ mn and Γ ab are generators of four-and six-dimensional rotations, Ω mna and K a,bc are rotational parameters of SO(4) and SO (6) . Since the matrices Ω mna commute with each other, they are the rotational parameters of the U(1) L × U(1) R Cartan subgroup of the four-dimensional Lorentz group SO(4) ≃ SU(2) L × SU(2) R . For the six-dimensional rotation group, we consider the subgroup SO(2) (6). We decompose the six-dimensional vector index a into a = (a ′ ,â) (a ′ = 5, 6,â = 7, 8, 9, 10), associated with the SO(2) ′ and SO(4) ′ rotations respectively. We cancel parts of the component in Ω mna Γ mn and K a,bc Γ bc by identifying U(1) charges of the Lorentz group with that of six dimensions. This is done by identifying SU(2)'s in the Lorentz group with those in the R-symmetry group. These identifications correspond to the topological twist of the four-dimensional N = 4 supersymmetry [17] . Then the components of the contorsion K a,bc are the parameters of the Cartan subgroup U(1) where K a,bĉ are non-zero and
The condition (4.16) becomes
Now we determine the U(1) charges of the spinor parameter ζ = (ζ A α ,ζα A ). The representations 4 and4 of SU (4) are decomposed into the representation of U(1) 19) where the first and the second components in the parenthesis are the representations of SU(2) L ′ and SU(2) R ′ respectively. The subscript ±1/2 denotes the U(1) ′ charge and 2, 1 are the two-dimensional and the trivial representation of each SU(2). Then we have the following decomposition of spinors, There are three topological twists called the half twist [17] , the Vafa-Witten twist [21] and the Marcus twist [22] .
Half twist In the half twist, SU(2) R ′ and SU(2) R are identified while the SU(2) L ′ and SU(2) L are left intact. The new Lorentz group is defined as SU (2) 
α ,ζα A ′ can be decomposed under the new Lorentz group as
where ζ m ,ζ andζ mn are vector, scalar and anti-self-dual tensor respectively.
Vafa-Witten twist
In the Vafa-Witten twist, SU(2) L ′ × SU(2) R ′ in the R-symmetry and SU(2) R in the Lorentz symmetry is identified. The new Lorentz group is defined as 
Torsion conditions
We have obtained the parallel spinor condition (4.18). Now we write down the conditions on the torsion (3.4), (3.5) and (3.8) in the Ω-background. The gauge invariance condition
The condition (3.5) becomes 27) while the condition (3.8) is reduced to
We first consider the condition (4.26). From (4.17), the condition (4.26) becomes
Since these conditions are independent of Ω mna ′ , we assume that the parameters ǫ 1a ′ , ǫ 2a ′ are non-zero without loss of generality.
Next, the condition (4.27) becomes
T a ′bd Tĉdê + TbĉdT a ′dê + Tĉ a ′dTbdê = 0, (4.32)
Using (2.9), the conditions (4.31) and (4.32) are rewritten as
The first equation (4.34) is the commuting condition of the contorsion matrices K a ′ ,bĉ .
Finally, the condition (4.28) becomes
In the following we solve the parallel spinor condition and the conditions on the torsion in each twist separately.
Solutions to the conditions 4.3.1 Half twist
First we consider the half twist. The supercharges Q 
In order that the scalar supersymmetry is preserved, the U(1) R and U(1) R ′ charges must be identified as
We then find that the scalar and one component of the tensor supersymmetries are preserved and the others are broken under the condition (4.40) 1 .
We then solve the constraints on the torsion. The anti-self-dual part of K a,bĉ and Ω mna are identified by the relation (4.40). Then the anti-self-dual part of K a ′ ,bĉ is nonzero since ǫ 1a ′ and ǫ 2a ′ are non-zero. Therefore we find that Ω mnĉ = 0 from (4.29) and (4.30) is satisfied automatically for any Kâ ,bĉ . Using (4.40), the anti-self-dual part of Kâ ,bĉ becomes zero. Since the U(1) L ′ × U(1) R ′ K a ′ ,bĉ charge of Tâbĉ is non-zero, the condition (4.35) implies Tâbĉ = 0. Then, using the relation (2.7) the self-dual part of Kâ ,bĉ is zero.
The conditions (4.33) and (4.36) are satisfied automatically. The self-dual part of K a ′ ,bĉ belongs to U(1) L ′ . In summary, we have the following conditions on the Ω-background
parameters Ω mna and the contorsion K a,bc for the scalar supersymmetry generated byQ: The conditions on the contorsion in (4.41) are rewritten as 
Vafa-Witten twist
We next consider the Vafa-Witten twist. The supercharges Q 
The condition on the torsion for the scalar supersymmetryζ ′ is
The condition (4.46) together with (4.40) implies that the rank of the contorsion matrices K a ′bĉ reduces by two and K a ′bĉ can be of the form
where k a ′ are non-zero parameters. Therefore, two matrices within Ω mnâ (â = 7, 8, 9, 10) remain non-zero from the condition (4.29) . From the representation of the Σ-matrices in the appendix, we can take Ω mn9 , Ω mn10 as non-zero matrices and Ω mn7 and Ω mn8 as zero.
Then from (4.40) and (4.46) we get Kâ ,bĉ = 0 except Kâ ,78 (â = 9, 10) and the condition We obtain the following conditions on the Ω-background parameters Ω mna and the contorsion K a,bc for the scalar supersymmetries generated byQ,Q ′ :
δαBKâ ,bĉ (Σbĉ)ÂB = −δβÂΩ mnâ (σ mn )αβ, (â = 9, 10)
In terms of the R-symmetry Wilson line, these become The condition (4.18) for ζ, ζ pq andζ p are
We examine the conditions on the two scalar supersymmetries generated by Q,Q. The condition on the torsion for the parallel spinor ζ is is satisfied by using the relation (4.53). Similarly Kâ ,bĉ is shown to be zero from Ω mnĉ = 0.
Then the conditions (4.35), (4.34) and (4.36) are satisfied.
We get the following conditions on the Ω-background parameters Ω mna and the contorsion K a,bc for the scalar supersymmetries generated by Q,Q:
In terms of the R-symmetry Wilson line, the conditions become 
Nekrasov-Shatashvili limit
We have examined the scalar supersymmetries of the N = 4 super Yang-Mills theory in the Ω-background with the torsion. In this subsection, we study supersymmetries of the theory in the Nekrasov-Shatashvili limit of the Ω-background [18] . It is defined by the limit where ǫ 2a (or ǫ 1a ) → 0 and keeping ǫ 1a (or ǫ 2a ) finite. In this limit, the super Poincaré symmetry of the two-dimensional subspace in four-dimensional spacetime is recovered. We will study how supersymmetry is enhanced in each topological twist.
Half twist First, we consider the half twist where the contorsion and the Ω-background matrices are related by (4.40). We examine the parallel spinor conditions for the tensor and the vector supersymmetries (4.38), (4.39).
For the vector supersymmetry, by eliminating the contorsion in (4.39), we get
This equation (4.56) is written in terms of ǫ 1a , ǫ 2a as
In the Nekrasov-Shatashvili limit, ǫ 2a → 0 (a = 5, 6), the parameters ζ 3 , ζ 4 satisfy the parallel spinor condition. In the limit ǫ 1a → 0 (a = 5, 6), the parameters ζ 1 , ζ 2 satisfy the condition.
We next consider parallel spinor condition forζ pq . Using the relation (4.40), the condition is rewritten as
This is the commutative relation between the matrices Ω mna (σ mn ) andζ pq (σ pq ),
[Ω mnaσ mn ,ζ pqσ pq ] = 0. 
Conclusions and Discussion
In this paper we studied ten-dimensional N = 1 super Yang-Mills theory in the curved background with the torsion. We investigated the dimensional reduction to four dimensions where the torsion is introduced along the internal space such that four-dimensional gauge invariance is preserved. Requiring supersymmetry, it has been shown that the torsion obeys the constraints and also modifies the parallel spinor conditions. In particular we have studied the torsion in the ten-dimensional Ω-background, where we can identify the R-symmetry Wilson line gauge field with the torsion. We solved the modified parallel spinor conditions for the topological twists (the half-twist, the Vafa-Witten twist and the Marcus twist) of N = 4 supersymmetry. We found the solutions of the deformation parameters of the Ω-background and the Wilson line gauge fields. We obtained the preserved supersymmetries for these twists.
In order to construct the deformed topological field theory associated with the twists, it is necessary to extend the deformed scalar supersymmetry to the off-shell supersymmetry.
In a subsequent paper [24] , we will discuss the off-shell structure of the twisted deformed theories and their instanton effective action.
One can consider the curved background admitting the (conformal) Killing spinor associated with super(conformal)symmetry transformations. In the case without the torsion, the parallel spinor conditions lead to the Ricci-flatness of the geometry. For the case with the Killing spinor, the associated geometries have been classified in [14] . The conformal Killing spinor in S
